THE POST CORRESPONDENCE
PROBLEM




Some undecidable problems for
context-free languages:

- Is L(Gl) () L(Gz) =2

G;,G, are context-free grammars

» Is context-free grammar G ambiguous?




We need a tool to prove that the previous
problems for context-free languages
are undecidable:

The Post Correspondence Problem




The Post Correspondence Problem

Input:  Two sets of N strings

A=W, Wy, ..., W,

B=w,Vo,...,V,




There is a Post Correspondence Solution
if there is a sequence |, J,...,K such that:

PC-solution:  WjWj--- Wy =VjVj -~V

Indices may be repeated or omitted e




2,1,3

Wy W5 W3
100 11 111

Vi Y, V3
001 111 11

WoVW W3 = VpV1V3

11100111



Example: Wy Wy Wa

A’ 00 001 1000
Vi Y, V3
B: 0 11 011

There is no solution

Because total length of strings from B
is smaller than total length of strings froﬂA




The Modified Post Correspondence Problem

Inputs:  A=wj, Wy, ..., W,
B=vy,Vo,...,V,
MPC-solution: 1,1, ],...,K

\lele Wk :Vlvivj Vk °




Wy W5 W3
11 111 100

Vi Y, V3
111 11 001

1,3,2 W{W3Wo = VjV3Vo

11100111



We will show:

1. The MPC problem is undecidable
(by reducing the membership to MPC)

2. The PC problem is undecidable
(by reducing MPC to PC)




Theorem: The MPC problem is undecidable

Proof: We will reduce the membership
problem to the MPC problem




Membership problem

Input: Turing machine M
string W

Question: w e L(M)?

Undecidable




Membership problem

Input: unrestricted grammar G
string W

Question: wWe L(G)?

Undecidable




Suppose we have a decider for

the MPC problem
String Sequences MPC solution?
A, —» YES
MPC problem
decider
B— -+ NO




We will build a decider for
the membership problem

we L(G)?
G " Membership - YES
problem
W decider NO




The reduction of the membership problem

to the MPC problem:

Membership problem decider

G—> A
B

»

»

MPC problem
decider

yes

no




We need to convert the input instance of
one problem to the other

Membership problem decider

A
G+ " MPC problem

Reduction? g |decider

W— >

yes

no




Reduction:

Convert grammar & and string w

to sets of strings A and B

Such that:

There is an MPC
& generates W (== goution for Aé




A B Grammar G

FS — = S :start variable

F : special symbol

For every symbol a

Vv V For every variable V




B Grammar G
— WE string W
E : special symbol
" For every production
X—>Y
N ©




Example:

G S — aABb | Bbb
Bbh— C
AC — aac

W =aaadC



LL © o o < m O u»n

> > > >
p
L © o o < m O o



B

— aaackE
S
S

Bb
AC

—



G S — aABb | Bbb
Bbh— C
AC — aac

aaac € L(6): S = aABb = aAC = aaac



S — aABb | Bbb
Bbh—>C
AC — aac




S — aABb | Bbb
Bbh—>C
AC — aac




S = aABb = aAC

S — aABb | Bbb
Bbh—>C
AC — aac

W Wi Wig Wo WsWypo

e




S~ aABb | Bbb

Bbh—>C
S = aABb = aAC — aaac AC — aac

A: W Wg Wig WoWs Wiowg Wy W3

syt mininininlnlates

I/:g:;aABb:aAC —aaackE
o T

B V| VioV14V2 ve V12 Vig Vo Vi3




S — aABb | Bbb
Bbh—>C
AC — aac

S = aABb = aAC — aaac

A W Wi Wig WoWsWow Wy Wig W

Aty o o )

I/:g:;aABb:aAC —aaackE
o ) e

B V1 V10V14V2 v5 V12 V4V Vp3 Vg




(A,B) has an MPC-solution

. T
if and

only if
o

we L(G)




Membership problem decider

Construct
A B

A

B

>

>

MPC problem
decider

yes

no




Since the membership problem is undecidable,
The MPC problem is undecidable

END OF PROOF o




Theorem: The PC problem is undecidable

Proof: We will reduce the MPC problem
to the PC problem




Suppose we have a decider for
the PC problem

String Sequences

PC solution?

C—

D—

PC problem
decider

—— YES

—>

NO




We will build a decider for

the MPC problem
String Sequences MPC solution?
A, —» YES
MPC problem
decider
B— -+ NO




The reduction of the MPC problem
to the PC problem:

MPC problem decider

A—»

C

D

»

»

PC problem
decider

yes

no




We need to convert the input instance of
one problem to the other

MPC problem decider

PC problem
D decider

yes

no




A,B :input to the MPC problem

A=W, Wy,..., Wy
B=w,Vs,...,Vp
Translated
To

C,D :input to the PC problem
C=w,..w,w.

. / / /
D_ l/l,...,V”,V”+1







PC-solution

Has to start with
These strings




C D

/
WW:---ww =V ---wyv

n+1 n+1

A B

Wll/’//. ---Wk — |/1[// ...Vk



C,D has aPC solution

. T
if and

only if
o

A,B has an MPC solution




MPC problem decider

Construct
C.D

C

D

>

>

PC problem
decider

yes

no




Since the MPC problem is undecidable,
The PC problem is undecidable

END OF PROOF




Some undecidable problems for
context-free languages:

- Is L(Gl) () L(Gz) = >

G;,G, are context-free grammars

- Is context-free grammar G
ambiguous?

We reduce the PC problem to these proble@)




Theorem: Let 61,6, be context-free
grammars. It is undecidable
to determine if

L(G) NL(Gy) =D

(intersection problem)

Proof: Reduce the PC problem to this
problem




Suppose we have a decider for the
intfersection problem

Context-free L(Gy) N L(G,) ="
grammars
iInterection
G problem
2 decider NG




We will build a decider for
the PC problem

String Sequences

PC solution?

A—

B—

PC problem
decider

—— YES

— NO




The reduction of the PC problem
to the empty-intersection problem:

PC problem decider

A—»

Intersection
problem
decider

no

yes




We need to convert the input instance of
one problem to the other

PC problem decider

Reduction?

Ga

Gg

»

»

Intersection
problem
decider

no

yes




Introduce new unique symbols: a4,a,,...,a,
A=W, Wy,..., W,
LA Z{S . S = Win W dy "°ajai}

Ga: SA—> WS | Wa;

B=v;,V,,...,V,

LB :{S: S :ViVj Ve dy "'ajai}

Gg: Sg —>ViSpa; | Vi@



(A,B) has aPC solution

. T
if and

only if
o

L(Gp) N L(Gg) # @




L(G) NL(G,) # D
S = Win W dy "'ajai

SIViVj "'Vkak“'ajai

3;,ay,...,a,

l/'//WJ ...Wk — l//VJ ...Vk



PC problem decider

Construct Ga
Context-Free

Gg
Grammars

Intersection
problem
decider

no

yes




Since PC is undecidable,
the Intersection problem is undecidable

END OF PROOF




Theorem: For a context-free grammar G

it is undecidable to determine
if G is ambiguous

Proof:  Reduce the PC problem
to this problem




PC problem decider

Construct
Context-Free
Grammar

G

»

Ambiguous
problem
decider

no

yes




Sp  start variable of Ga

Sg start variable of Gg

!

S start variable of G
S —>3S,|Sk




(A,B) has a PC solution

. T
if and

only if
o

L(GA) N L(Gg) =D

. T
if and

only if
o

G is ambiguous




